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ROOTS OF COMPLEX NUMBERS

B determine and examine the n'™ roots of unity and their location on the unit circle (ACMSMO087)

B determine and examine the n™ roots of complex numbers and their location in the complex plane
(ACMSMO8S)

FACTORISATION OF POLYNOMIALS

B prove and apply the factor theorem and the remainder theorem for polynomials (ACMSM089)

B consider conjugate roots for polynomials with real coefficients (ACMSM090)
B solve simple polynomial equations (ACMSM091) @‘

6.01

The square root of 16 means the positive square root
of 16, so V16 = 4. However, there are two solutions of
the equation x* = 16, x = 4 or x = —4.

o)

In the complex number system there are two
solutions to z”=1: z=1 or z=—1.

You can use De Moivre’s theorem to see this more /
clearly. i
&

First look at co-terminal angles for a complex
number z.

San

-

y

Write z in modulus-argument form as
rlcos (o) + i sin (o0)].

\H
EOS

y

You can add any multiple of 2 to the argument
without changing the number, so you get:

r[cos (o) + i sin (00)] = r[cos (o0 + 2km) + i sin (ot + 2km)] for any k € Z.
Then, to solve z* = 1, write z* = 1[cos (0 + 2k) + i sin (0 + 2km)].
Let the solution be z = r[cos (0) + i sin(0)].
Then using De Moivre’s theorem, 22 =1*[cos (20) + i sin (20)], so the equation 2> =1 becomes
*[cos (20) + i sin (20)] = 1[(cos (2km) + i sin (2km)] for any ke Z.

This gives ¥ =1and 20 = 2kn, so r= 1 and © = kxt for any k € Z and the possible solutions are: ...,
1 cis (—2m), 1 cis (—=1m), 1 cis (0m), 1 cis (17), 1 cis (27), 1 cis (3m), ...

The answers repeat every 27, so you should choose the answers whose argument is the principal
argument in the domain (-, 7).

For this equation: 1 cis (On) =1 or 1 cis (1w) = —1.

Specialist 12 9780170250306



On an Argand diagram, these are opposite radii of the unit circle.

Im (2)

You can use the same procedure for higher roots of unity (1).

O Example 1

a Solvez’=1.

Solution

a Write z in modulus-argument form.
Write the equation.

Write with all possible arguments.

Use De Moivre’s theorem.

Isolate the modulus and argument.

Solve to find them.

Write the principal values.

Write out the solutions.

9780170250306

b Show the roots on an Argand diagram and comment on their positions.

Let z=r[cos (0) + i sin(0)]
{r[cos (0) + i sin(®)]}’ = 1 cis (0)

{r[cos (8) + i sin(0)]}° =1 cis (0 + 2km)
fork e Z.

r’[cos (50) + i sin(50)]
= 1[cos (2km) + i sin (2km)]

r=1and 50 =2knforke Z

r=1and6=%forke VA

2k
r=land9=Tn fork=-2,-1,0,1, 2.

Z=cos (_‘E) +1isin (_‘E) or
5 5

Z=cos (_Zl) +isin (_ZL‘) or
5 5

z=cos (0)+isin (0)=1 or

Z=Cos [E) +isin (27”} or
5 5

Z=1C0S 4n +isin(@j
5 5

CHAPTER 6: Complex roots and polynomials
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Comment on the positions.

b Show the solutions on an Argand diagram.

Im(z)
B
/// \\\
zZ
2// \\
/ \
21]
I/ _5_ 21 \
! 21 5 1 %0
\ 5.\ 2n 1
\ 2n\5 G ) Re(o)
\\ 5 //
AS /
23 \\ //
.~ i
1

The roots are shown as z, z;, 25, 23, 2.

The roots are equally spaced around the unit
circle, separated by angles of = with one root
being 1.

From the Argand diagram of the 5th roots of 1, you can see that z; and z, are complex conjugates
because their real parts are the same but their complex parts are opposite in sign. Since both have
magnitude 1, this also means that they are inverses, so z,z, = 1. In fact, for any n, the nth roots of

unity must be 1, —1 or multiply with another root to equal 1.

O Example 2

Solution
Write the 5th roots of 1.

Write the result for z,.

Write out z,z,.

Multiply by adding the arguments.

Write out z,z5.

Multiply by adding the arguments.

Write the overall result.

Show that the 5th roots of unity are either 1 or have a product with another root to equal 1.

zy=cos (0) +isin (0) =1 or

z, = Cos [2")+ isin [zn)or
5

(] ()
z3—cos( 4lj+zsln( 4")01'
:

5 5

z,=cos zi]xzsm( 2“)
5 5

o2 2]

= cis (0)

=cos (0) + i sin (0)
=1

%73 = [c1s(4 j X c1s(74—nﬂ
5 5
= cis (0)
=cos (0) + i sin (0)
=1
zy=1, z;z, = 1 and z,2; = 1, so the 5th roots of

unity are either 1 or multiply with another
root to equal 1.

NELSON SENIOR MATHS Specialist 12

9780170250306



You can see from the first two examples that the roots of 1 have a particular pattern.

IMPORTANT

The nth roots of unity are complex numbers z such that z” = 1. They lie on the unit circle and

have the form cos (%) +isin (&
n n

(zkn) .. (anj 2kn
cos| — |+isin| — |, where -t < — <.
n n n

], where k=0, 1, 2, ..., n— 1, with principal values

You can use a CAS calculator to calculate the roots of 1, but the format of the answers can be
unsimplified. It is recommended that if you use the TI-Nspire for complex numbers, you use the
rectangular form of complex numbers. The ClassPad assumes this form anyway. To express an answer in
the form r{cos (6) + i sin (0)], you can find the magnitude and argument of the answer(s). The ClassPad
has a conversion to this form, which is called the trigonometric form on the calculator.

Find the cube roots of 1.

Change the document settings for Real or
Complex to rectangular. Use [mend, 3: Algebra,
C: Complex and 1: Solve or type csolve
(Z’=1,2).

Find the argument using [mend, 2: Number,

9: Complex Number Tools, 4: Polar Angle or
type angle() and copy and paste each answer
into the brackets.

Ensure that the calculator is in Cplex o Edit Action Interective
(complex) mode rather than Real. Tap 4] & |83 sme [ 20 [ v | L
Action, Advanced and solve and then the wive(a®=1,2)
equation and variable of interest, or type )
solve(z’ =1, 2) Change the answer to -

: o . : {o=1. amcon( =5 Jsin( =5 ) 4. zmcon{ %) uin 5%,
trigonometric form by tapping Action, 0
Complex, compToTrig, then type ans ()]

1_v3-i 1 ﬁl]
[:1.=1,F'-2 ] z=-2+ ]

or type compToTrig(ans). Tap the right arrow A2 Stnderd  Gix fed -
[»] to see the part of the solution that doesn’t
fit on the screen.
Write the answers, assuming that the The cube roots are cos (_EJ +isin (_Zj A
magnitude is 1. n n

lorcos( S j+zsm( 3 )
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If a question does not specify the form of an answer in complex numbers, you can choose to give
the answer in either form, so choose the one that is simplest for that question.

INSSANC/NIONI Roots of unity

What do you get when you multiply or divide roots of unity?

« Find a cube root of unity and call it, say, z.

Find an eighth root of unity and call it, say, z;.
o Find the values of z; X zg and z; + z;.

o Investigate powers of z; X zg and z; + zg.

» What do you find?

o What suppositions can you make?

» Can you prove your suppositions?

ORI Roots of unity

Concepts and techniques

1 a Solvez’=1.

b Show the roots on an Argand diagram and comment on their positions.
¢ Express the roots in rectangular form.

2 a Solvez'=1.
b Show the roots on an Argand diagram and comment on their positions.

3 a Solvez’=1.
b Show the roots on an Argand diagram and comment on their positions.

4 Show that the cube roots of unity are either 1 or multiply with another root to equal 1.
5 Show that the fourth roots of unity are 1, —1 or multiply with another root to equal 1.
6 Show that the 6th roots of unity are 1, —1 or when multiplied by another root are to equal 1.
7 a Find the fourth roots of 1 in rectangular form.

b Change the roots to polar form.
8 a Find the eighth roots of 1 in rectangular form.

b Change the roots to polar form.

9 a Find the sixth roots of 1 in rectangular form.
b Change the roots to polar form.

Reasoning and communication
10 Show that if p is an nth root of 1, then p” is also an nth root, where n, m € Z".

11 Show that if p and q are nth roots of 1, then pq is also an nth root, where n € Z".
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12 Show that if p and q are nth roots of 1, then there exist positive integers a and b, where a # b,
such that p® = g".

13 For any positive rational number x, show that cos (xmt) + i sin (x) is a power of an nth root of
1, forsomene Z.

14 Show that the nth roots of unity are 1, —1 or multiply by another root to equal 1.

ROOTS OF COMPLEX NUMBERS

Finding the roots of complex numbers is similar to finding the roots of unity. For numbers with a
magnitude of 1, the only difference to the roots of unity is that you add 2kn to the argument not
equal to 0.

O Example 4

Find the 6th roots of i.
Solution
Write i in modulus-argument form. i=cos (g) +isin (g)
Write z in modulus-argument form. Let z=r[cos (0) + i sin (0)]
Write an equation. {r[cos (0) + i sin (0)]}® = cos (g) +isin (g)
Write with all possible arguments. {r[cos (0) + i sin (0)]}° =1 cis (g+2knj forke Z
Use De Moivre’s theorem. 1° cis (60) = 1 cis (g+2kn)
Isolate the modulus and argument. *=1and 60 zg +2knforke Z
Solve to find them. rzland6=%+%f0rke Z
Write the principal arguments. r=1land 0= % + an fork=-3,-2,-1,0,1,2
4k+1)m
Write on a common denominator. r=1land 0= % for k=-3,-2,-1,0,1,2
Write out the solutions. Z=cos (%) +isin (%) o
Z=Cos (ﬂ] +isin (—n) or
12
Z=cos (%) +1isin [—) or
Z=cos (£ +isin (3) or
12 12
Z=cos (5—) +isin (S—E) or
12 12
Z=CO0S (%nj +isin (—)
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The answers to Example 4 could be given as

Z=cos {M}+ isin [M} fork=-3,-2,...,2.
12 12

You could also write it as

z=cos[@}+isin‘:(4kl+l)n]f0r{ke Z:-3<k<2}

to avoid writing out each root separately.

Generally, when you find the roots of complex numbers, you have to take account of the magnitude
as well. If the magnitude of the number is r, then the magnitude of the nth root will be /7.

O Example 5

a Find the cube roots of —125.
b Show the roots on the complex plane.

Solution

a Write —125 in modulus-argument form.
Write z in modulus-argument form.
Write an equation.

Write with all possible arguments.
Use De Moivre’s theorem.
Isolate the modulus and argument.

Solve to find them.

Write the principal values.

Write out the solutions.

b Show the solutions on an Argand diagram.

—125=125[cos (®) + i sin ()]

Let z=r[cos (0) + i sin(0)]

[r cis (8)]° = 125 cis ()

[r cis (8)]° = 125 cis (m + 2kn) fork € Z
7 cis (30) = 125 cis (T + 2km)

=125and30=n+ 2knforke Z

r=5and9=§+%f0rke VA
rzSandGszork:—l,O,l

z= s[cos(%)ﬂsin(%ﬂ or
s[cos(g)ﬂsin(gﬂ or

z=5[cos (m) + i sin ()]

N
Il

Im (2)
They are all on a circle of radius 5, centred )
at the origin. o S
I// \\\
! @ /2T \
2y 3 3 |
H ZT“ 5[’ Re (2)
\ 1
\ /
\\\ ,//
R S z,
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You will only get a rational or integer magnitude for a root when the magnitude of the original
number happens to be the appropriate power.

O Example 6

a Solve the equation z* +i=1.
b Show the roots on the complex plane.

Solution

a Write in the form 2" = w. ZA=1-i

== oo =i -2

Let z=r[cos (0) + i sin(0)]
[rcis (8)]* =+/2 cis (—%)

[rcis (8)]* =2 cis (—%+2knj forke Z

Write 1 — i in modulus argument form.
Write z in modulus argument form.
Write an equation.

Write with all possible arguments.

Use De Moivre’s theorem.

! cis (40) = /2 cis (—§+ 2knj

Isolate the modulus and argument.

Solve to find them.

:ﬁandm:—guknforkez

ﬁande——%+&forke Z

8k—1
Write the principal values. r=%2and 6= % fork=-1,0,1,2
8k—1 8k—1
Write the solutions. z=¥21cos [ ( i } +i in{g}
16 16
fork=-1,0,1,2
b Show the solutions on an Argand Im (2)
diagram. They are all on a circle of radius U
§/2 ~1.0905, centred at the origin.
// TE\‘
z ! —\

You should write out the solutions in full for a small number of solutions, but for a large number
you should use a variable such as k to give the solutions. Sometimes the way you express an answer

8k—1)m
can be different to someone else’s expression, yet both will be correct, such as % for

(8k+7)m

k=-1,0,1,2; for k=-2,-1,0,1; kn— 3%, kn— % fork=0, 1; or kn+7%, kn+4E for

16>

k=-1, 0. You should check that each of these expressions gives the same set of answers.

9780170250306 CHAPTER 6: Complex roots and polynomials
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Roots of complex numbers

260

IMPORTANT

The nth roots of a complex number z are on a circle of radius /| z |, separated from each

other by the angle 2n and have the form
n

M{Cos[arg(z)+2kn}+ism[arg(z)+2kn }}, where k=0,1,2,...,n—1.
n

n

Once you have one root of a complex number, you can use the separation of the roots by the angle

2T
— to find the others. For example, if one 6th root of a complex number is \/E cis (%), then the

n

other roots are separated by multiples of - from this and each other, so they must be 5 cis %)

J5 cis (—%), J5 cis (%f), J5 cis (%) and /5 cis (111—2“).

Concepts and techniques

1

Find the 8th roots of —i.
J3-i

2 Find the cube roots of >

3
4

Solve the equation /2 z* + 1 =1.

b

a
b

a

a Find the cube roots of 64i.
Show the roots on the complex plane and comment on their positions.

Find the fourth roots of —81.
Show the roots on an Argand diagram and comment on their positions.

Solve the equation z* + 7 = 24i, with the argument correct to 4 decimal places.
Express in Cartesian form.
Show the solutions on the complex plane.

a Find the exact sixth roots of 20 + 15i.
Show the roots on the complex plane and comment on their positions.

Find the fifth roots of —64i.
Show the roots on the complex plane and comment on their positions.

Solve the equation z° + 28 + 10i = 0 and express the answers in Cartesian form correct to
3 decimal places.
Show the solutions on the complex plane and comment on their positions.

Reasoning and communication

10 Show that the (21)th roots of any negative number are complex, where n € Z*. That is, that
none of the roots are real or purely imaginary.
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6.03

You already know a lot about polynomials with real coefficients. A complex polynomial is exactly
the same, except that the coefficients can be complex numbers. The complex numbers include
purely real and purely imaginary numbers.

IMPORTANT

A polynomial is a sum of terms containing non-negative integer powers of the variable.
A complex polynomial in z is of the form:

2

P2)=aZ' +a, 2" '+a, 2" +...+az +a,

where 7 is a positive whole number, 4, a;, a,, .., a,, _, 4, may be complex numbers and a,, # 0.

The highest power of z is called the degree of the polynomial. The term that contains the
highest power is called the leading term.

The degree of the polynomial above is #, and the leading term is a,z". You can find the value of
a complex polynomial at particular points by substituting in exactly the same way as for real
polynomials. Real polynomials form a subset of complex polynomials.

The function m(z) = 32° — iz + 2iz* = 5z = 2* + 3iz + 7i
a What is the degree of m(z)?
b What is the leading term?

a The highest power of z is z*. m(z) is of degree 4.
b Collect the coefficients in order. m(z) = (=1 + 2i)z* + 32° — i+ (=5 + 3i)z + 7i
Write the leading term. The leading term is (-1 + 2i)z*

Shutterstock.com/siambizkit
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O Example 8

Find the values of p(z) = 37’ —i* +2i— 5 at the points z=3,z=—-2iand z=2 + 3i.

Solution

Substitute z = 3. p(3)=3x3"—ix3*+2i-5

Simplify. =76-7i

Substitute z = —2i. p(=2i) =3 x (=2i)® =i x (=2i)* +2i — 5

Simplify each term. =24i+4i+2i-5

Simplify and write the real part first. =-5+430i

Substitute z =2 + 3i. p(=2)=3x (2+3i)> —ix (2+3i)*+2i-5

Simplify each term. =24+108i—-162—-81i—4i+12+9i
+2i-5

Simplify and write the real part first. =—131+34i

The arithmetic for complex polynomials is a bit more difficult than for real polynomials so you
should check your calculations with a CAS calculator whenever possible.

O Example 9

Given the function p(z) = (3 - )2+ (=2 +1)2° = 5iZ + 72+ 9 + 5i, find p(=5), p(3i) and

p(=1+4i).

Solution

TI-Nspire CAS

Set your calculator to rectangular (complex) m

mode and Define p(z). Make sure that you use = B B 3 B

i from the symbols menu (@] or [en] =) for DG eiaige sy ;,,,

the imaginary numbef i. . o(-5) 2099-870 7 |

Then enter p(=5), p(3i) and p(—1 + 4i). ol3-4) 279+44 ¢ '
pl-1+4-4) 64348187 |
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ClassPad
Make sure that your calculator is set to Cplx @ Edit Actlon Interactive
and define p(z). Press and use the i be [lafsae]es] ] -
keyboard and p(2). Make sure that Define p(z)=(3-1)z%+(~2+i)z%-5iz2472+945i mu
you use the imaginary number i, (see [ | on p(-5) |
the soft keyboards or (Math3]) not the b s
letter i. s RIS |
Then enter p(=5), p(3i) and finally p(—1 + 4i). i 643+818-i 1
Ng  Stndard  Cplx Rad @
Write the answers. p(=5) =2099 — 870i, p(3i) = 279 + 44i and
p(=1 +4i) = 643 +818i
HENOIHAEY Complex polynomials
Concepts and techniques
1 What is the degree of p(z) = 32° — iz’ + 8iz* — 52— 2° + 7iz + 742 Complex polynormials
A3 B 4 cC 5 D 7 E 8
2 What is the leading term of p(2) = 62° — 2iz” + 2iz° — 5z — iz" + 2iz’ + 712
A 67 B (6-i)2 C (6-2i)z7 D (2i-5)2 E 2iz
3 Given the function (z) = 32° — iz* + 2iz — 6 + 3i, find each of the following.
a t(2) b #(2i) c t(-3) d #(-3i) e t(2-3i)
4 Given the function m(z) = 3iz* + 52° + (2i — 3)z + 4i, find each of the following.
a m(=5) b m(3i) ¢ m(-=5+3i) d m(4—1i) e m(2+i)
5 Given the function p(z) = (3 - i)2* + (=2 + 5i)z + 4 — 2i, find each of the following.
a p(4) b p(5i) c p(4+5i) d p(-5-2i) e p(6+1)
6 Given the function g(z) = (5 + 3i)z* + (4 — 3i)z> — 8z — 5i, find each of the
following.
a q(4) b g(5i9) c q(4+5i) d g(-5-2i) e q(6+1)
7 Given the function f(z) = (3 - 20)2° + (5 + 6i)2> + (—4 + 5i)z — 4 + 8i, find each of the
following.
a f(-3) b f(6i) ¢ f(-3+6i) d f(4-7i) e f(2+4i)
8 Given the function g(z) = (-2 - 4i)2° + (5 + 7i)2° — 8iz” + 3z — 4 + 6i, find each of the
following.
a g(2+3i) b g(-3+4i) c g(3-2i) d g(4+7i) e g(-2-1)

Reasoning and communication

9 In general, is it true that p(a) + p(ib) = p(a + ib) for complex polynomials? Prove or disprove
this proposition. Does it depend on the degree?
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REMAINDER AND FACTOR
THEOREMS

You can add, subtract, multiply and divide complex polynomials in the same way as real
polynomials, but the coefficients are complex instead of real. When you divide one complex
polynomial into another, remember to allow for both the real and imaginary part of the coefficient.

O Example 10

Three functions are defined as follows:
p(2) =2 +i)2 - 52 +4+6i,
q(2) = (6 — 2i)7 + (~4 — 3i)z— 6 and
d(z)=z—-2+3i.
a Find and simplify p(z) — g(2).
b Find and simplify p(z)q(z).
¢ Find and simplify p(z) + d(z).
Solution
a Write the difference. p(2) —q(2)
=[(2+1)2 - 52 +4 +6i]
— [(6 —2)2* + (-4 — 3i)z— 6]
Add the coefficients of each power. =[2+1)2 + [-5— (6 —2i)]F
—(~4—3i)z+4+6i— (~6)
Simplify. =[2+1)2 + [-11 +2i)]2* + (4 + 3i)z+ 10 + 6i
b Write the product. p(2)q(2)
=[(2+1)2’ — 52 + 4+ 6i]
x [(6 - 2i)2" + (4 — 3i)z — 6]
Use the distributive law. =242 % [(6=2i)Z+ (-4 — 3i)z— 6]
— 522 % [(6 — 2i)2* + (—4 — 3i)z— 6]
+ 4% [(6 -2 + (-4 —3i)z— 6]
+6i X [(6 — 20)2* + (—4 — 3i)z— 6]
Use the distributive law again. = (12 —4i+6i+2)2° + (-8 — 6i — 4i + 3)Z*
+(-12 - 6i)2° + (30 + 10i)z*
+ (20 +151)2° + 302° + (24 — 8i)Z
+ (=16 —12i)z — 24 + (12 + 36i)2"
+ (18 — 24i)z — 36i
Collect like terms. = (14 + 2i)2° — 352" + (8 + 9i)Z” + (66 + 28i)Z°
+(2—36i)z— 24— 36i
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(2+i)z° -52% +4+6i

¢ Write the quotient. p(z) +d(z) = 72431
Set out as long division. z— 2+3i)(2+i)z3 +(-5+0i)z” +(0+0i)z+4+6i
(2+i)z*
Divide the z’ term by z. z—2+3i)(2+i)z3 +(-5+0i)z> +(0+0i)z + 4 +6i
(2+i)z*
Multiply. z—2+3i)(2+i)z3 +(=5+0i)2> +(0+0i)z+4+61
(2+4i)2° +(-7+4i)z*
(2+i)z*
Subtract and bring down. z— 2+3>i)(2+i)z3 +(-5+0i)2> +(0+0i)z +4+61

(2+i)2” +(-7+4i)z?
(2—4i)z* +(0+0i)z +4+6i
(2+i)z* +(2-4i)z
Divide the 22 term. z—2+3z’)(2+i)z3 +(=5+0i)2> +(0+0i)z+4+61
(2+1)2° +(-7+4i)z*
(2-4i)z* +(0+0i)z +4+6i

(2+i)z% +(2—4i)z
Multiply. 2=2+31)(2+)2° +(-5+01)2> +(0+0i)z + 4+ 6i

)
(2+i1)2° +(-7+4i) 2>
(2-4i)2* +(0+0i)z+4+6i
(2-4i)z* +(8+14i)z
(2+i)z* +(2—4i)z
Subtract and bring down. z—2+3i)(2+i)z3+(—5+0i)zz+(0+0i)z+4+6i

(2+i1)2” +(-7+4i) 2>
(2-4i)z> +(0+0i)z+4 +6i
(2—4i)z* +(8+14i)z
—(8—14i)z+4+6i

(2+i)2> +(2—4i)z
Divide the z term. 2=2+31)(2+)2° +(-5+01)2> +(0+0i)z + 4+ 6i

(2+1)2° +(-7+4i)z’
(2—4i)z* +(0+0i)z+4+6i
(2-4i)z* +(8+14i)z
—(8—14i)z+4+6i
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Multiply.

Subtract. There is no more to bring
down.

Write in standard form.

TI-Nspire CAS

Set to complex (rectangular) mode and
define the functions.

You can add, subtract and multiply
them.

Use [men), 3: Algebra, 8: Polynomial Tools
and 5: Quotient of Polynomial to find
the quotient.

Use 4: Remainder of polynomial to get
the remainder.

NELSON SENIOR MATHS Specialist 12

(2+i)z*
+(-5+0i)z>

+(2-4i)z—8—14i
+(0+0i)z+ 4 + 6i

2=2+3i)(2+i)2’
(2+1)2° +(-7+4i)z’
(2-4i)2" +(
(2-4i)2+(8
—(8-14i)z+ 4+ 6i
—(8—14i)z+58+4i

0+0i)z + 4+ 6i
+14i)z

(2+i)z° +(2—4i)z—8—14i
z- 2+31)( 1)2> +(=5+0i) 2% +(0+0i)z+ 4 + 6i
(2+i)2” +(-7+4i) 2>

(-
(-
(2—-4i)z* +(0+0i)z + 4 + 6i
(2—4i)z” +(8+14i)z

—(8+14i)z+ 4 + 6i
—(8+14i)z+58+4i

—54 +2i
—54+2i
P+ D@=Q+i)Z+Q2—4i)z—8— 14i+——
z-2+3i
Deﬁnep(z)*(%i)‘ z3-5'22+4+6, i Done f
Define g(z)=(6-2- #)- 22+(-4-3- 1) z-6
Done
Define d{z)=z-2+3- ¢ o
plz)-¢l2)
2'23_11'22*'4'3+10+[23+2'22+3'z+6)' i
p(z)q(z) f_-:\
2(2) ql2)
14 25-35 2448 234662242 z-244(2. 259
polyQuotient(p(z),4(z))
2. 224.2. 2‘84"(22"‘? 2_14)_ '.
polyRemainder(p(z),a(z)) S4sd
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In Cplx mode, define the functions. You
can add, subtract and multiply them.

Perform the subtraction and
multiplication operations. Tap Action,
Transformation, then expand to see the
product in standard form.

The ClassPad does not have polynomial tools.

© Edit Action Interactive

4] & |83 sme [ 20 [ v |

Define p(z)=(2+i)z3-5z2+4+6i
Define q(z)=(8-2i)z2+(-4-2i)z—6
Define d(z)=z-2+3i

o

Alg Standard  Cplx Rad

© Edit Action Interactive

4] & |83 sme [ 20 [ v |

plz)=ql(z)

(248) 234 (=1142:0) 224 (443:1) 2410460

p(z)q(z)

(5224 (=2-i) 23460 )+ [ (6-2-0) 224 (~4-8-i) 2>

expand (ans)

=35e284 (1442+8) 254+ (849+8) 23+ (86+28-i) 22+ (2->

0
Alg Standard  Cplx Rad

In Example 10, the difference of the polynomials has the higher degree of the two. The remainder
was written in standard form as a fraction with the denominator of z — 2 + 3i. This is similar to

writing 13 +5=2 % or 2504 +23 =108 %. The relationship between the quotient, divisor,

dividend and remainder is the same.

A difference or sum of polynomials could give a result of lower degree than either polynomial if they
were of the same degree and had leading terms with the same coefficient or the same but for the sign.

IMPORTANT

If a complex polynomial P(z) is divided by the complex polynomial D(z), then the remainder
R(z) has degree less than D(z). The quotient Q(z), divisor, remainder and dividend are
related by the division identity P(z) = D(z)Q(z) + R(2).

For a divisor of degree one, the remainder theorem for complex polynomials is the same as that for

real polynomials.

Remainder theorem

IMPORTANT

If a complex polynomial P(z) is divided by D(z) = z— g, where a € C, then the remainder is

given by R = P(a).

From the division identity, P(z) = (z — a)Q(z) + R(z).

Since R(z) has degree less than that of (z — a), it is of degree 0, so it is a constant, say R.

Substituting z = a gives P(a) = (a — a)Q(a) + R, which gives the required result. QED

9780170250306
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O Example 11

The function g(z) = (6 + 2i)z* + (=2 + 3i)z* + (4 — i)z — 4 — 5i. Find the remainders when g(z)is
divided by:
a z+3 b z—-2i c z—4+2i
Solution
a Use the remainder theorem. g(=3)=(6+2i) (=3)*+ (=2 + 3i)(-3)*
+(4—i)x (=3)—4—5i
Simplify. =486 +162i —18+27i—12+3i—4—5i
Write the answer. Remainder =452 + 187i
b Use the remainder theorem. g2i)=(6+ 20)(2i)* + (-2 + 3i)( 2i)*
+(4—1)x(2i))—4-5i
Simplify. =96+32i+8—-12i+8i+2—-4—-5i
Write the answer. Remainder = 102 + 23i
¢ Use the remainder theorem. g4—-2i)=(6+2i)(4- 2i)* + (<2 + 3i)(4 — 2i)*
+(4—-i)x(4-2i)—4-5i
Simplify. = (6 +2i)(~112 — 384i)
+(—2+3i) (12-16i)+16 —12i — 2
—4-5i
Keep going. =96 —2528i +24 + 68i +10 — 17i
Write the answer. =130 —2477i

The factor theorem follows logically from the remainder theorem.

IMPORTANT

Factor theorem

The expression z — a, where a € C, is a factor of the complex polynomial P(z) if and only if
P(a)=0.

From the remainder theorem, the remainder when P(z) is divided by z—a is R = P(a).
If z— a is a factor, then the remainder is 0, so P(a) = 0.
If P(a) = 0, then the remainder is zero, so z — a is a factor. QED

You can use the factor theorem to show that a linear expression is a factor of a complex polynomial
in the same way as for real polynomials.
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O Example 12

Show that z+ 4 — i is a factor of (2 + 3i)2° + (11 + 11i)2* + (-2 — i)z —17 —17i.

Solution

Write the polynomial. P(z) = (2 +3)2 + (11 + 11i) 2% + (-2 — i)z =17 —17i

Find P(—4 + i) P(-4+i)=(2+3i) (-4 +1)* + (11 + 11i)(—4 + i)’
+ (=2 — i)(~4 + i) —17 —17i

Simplify. = (2 + 3i)(~64 + 48i + 12 — i)
+(11+11i)(16 - 8i— 1)
+(8—2i+4i+1)-17-17i

Keep going. =-245-62i+253+77i— 8 —15i

Still going! =0

Write the result. P(—4 + i) =0, so by the factor theorem, z+4 —iisa

factor of P(z).

SENONAAYN Remainder and factor theorems

Concepts and techniques

1 Three functions are defined as follows:
p(2) = (=3 = 20)2° + (5 +2i)2" + (1 — 2i)z + 8 + 3i, Remelnder ond foctr
q(z) = (4 +5i)2 + (3 - 2i)z+ 4 — 6i and
g(z) = 2 +2i)2" + (=2 — 4i)z+ 3 + 2i.
Find and simplify the following.

a p(z) +q(z) b p(2) —q(2) ¢ p(2) +g(2) d g(2) —q(2)
e q(z) xg(2) f p(z) xq(z) g p(2) x g(2)

2 The function p(z) = (4 + i)z’ + 32 + (=1 — 3i)z— 5 + 2i. Find and simplify the following.
a p(z)+(z-3) b p(2) + (z—2i) ¢ plz)+(z+1)
d p(z)+=(z—2+1) e p(z)+(z+3—4i)

3 The function p(z) = —4iz* + (5+ 2i)z° — 3z + 7. Find and simplify the following.
a p(z)+ (z+2i) b p(z)+(z—3—-1) c p(2)+(z+2+2i)
d p(z) = (z+4-2i) e p(z)+z-5

4 Three functions are defined as follows:

p(2)=(5-3)2"+(=3+30)2 + (2 — 4))Z* + (=7 — )z — 5+ 3i

q(2) = (4 +20)2° + (7= 5i)2° + (3 + 7i)z" + 3 — 5i and

g2 =(9+1)2 +(=3+2i)z+3—5i

Find and simplify the following.

a p(z) +4(2) b p(2) —q(2) ¢ p(z) +g(2) d g(2) —q(2)
e q(2) x g(2) f p(z) xq(2) g p(z) x g(2)
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Your teacher will tell you when to use your CAS calculator in the rest of this exercise.

5

11

12

The function p(z) = (3 + 5i)2° + (=3 — 4i)z* + (1 — 5i)z — 8 — 7i. Find the remainders
when p(z) is divided by each of the following.
a z+4 b z-2i c z+3-6i d z—1-i e z+3+4+2i

The function q(z) = (1 - 3i)z* + 22> — 5iz+ 5 + 4i. Find the remainders when q(z) is divided
by each of the following.
a z—3i b z+1-6i c z—-3-i d z+2+6i e z—4+5i

The function g(z) = 42° — 2iz* + (=2 + 7i)2° + 5iz> — 6z — 2 + 2i. Find the remainders when g(2)
is divided by each of the following.
a z+2i-5 b z-3i+1 c z—-5-3i d z+6+4i e z—1—1i

Show that z— 2 — 3i is a factor of p(z) = 3iz° + (14 — 61)2 + (=12 — 16i)z + 1 + 8i.
Show that z+ 2 — 4i is a factor of p(z) = (3 +1)z* + (8 — 131)2° + (—16 + 61)2° + (13 + 6i)z— 14 + 8i

Show that z+ 1 + 5i is a factor of

p(2) = (3+2)2° + (=12 + 17i)2* + (=5 — 23{)2” + (=12 = 3i)2* + (23 — 12i)z — 15 + 3i.
Show that z + 7 and z — 2i are both factors of

p(2) =2+ (7 =702 + (=7 — 451)2° + (—41 + 22i)z +56 — 42i.

Show that z+ 2 — 3i and z — 5 + 3i are both factors of
p(2) = (1+30)2* + (=3 - 61)2° + (—69 + 9i)2* + (—48 — 3i)z+ 5 — 105i.

Reasoning and communication

13

Write z* + 4 in factored form to show that it is a factor of
8(2) = 2 +3i)2 +5iz* + (4 + 120)2° + (2 + 21i)2° — 162+ 8 + 4i.

14 Use the quadratic formula to write z* + z + 1 in factored form to show it is a factor of

15

p(2)=(3+2i)2 + (8 —i)Z* + (8 —i)z+5—3i.

Write z° + 2z + 4 in factored form to show it is a factor of
q(z) = (=3 + )" + (2 + 20)2° + (—4 + 2i)Z* + (16 — 4i)z — 8i.

6.05

You already know the discriminant of the quadratic equation 5x* — 2x + 1, A =—16, shows that the
solutions are complex. Polynomial equations with real coefficients can have solutions that are real,

imaginary or complex.

Specialist 12 9780170250306



Solve the equation 52° — 122* + 5z — 2 =0

Write the polynomial for the equation. p(z) =52 — 122+ 522
Find a factor using the remainder theorem. p(1)=—4, p(-1) =-24,p(2) =0
Use the factor theorem. Since p(2) =0, z— 2 is a factor.
You can factorise p(z) by inspection. p(2)=(z— 2)(522—2z+1)
Write the factored equation. (z—2)(52—=2z+1)=0
Use the null factor law. z—2=0o0r5z22—2z+1=0
Solve the first equation. z=2=0=2z=2
Solve the second equation. 52 -2z+1=0
Write the quadratic formula for z. =z= %:_4%
Substitute values. _2EV4-4X5x1
2X5
Simplify. = ﬂ
10

Usei=~—1 :214i:1i2i

10 5
Write the answer. The solutions are 2, L2 or 1_52i

Notice that the complex roots in Example 13 are complex conjugates.

The Fundamental theorem of algebra states that any polynomial equation has at least one root
(perhaps in the complex number system). It follows immediately that every polynomial of degree n
has exactly n roots, some of which may be equal. The proof of the theorem is beyond the scope of
this course, but it is of immense importance in mathematics.

You can divide through by the coefficient of the leading term of a polynomial equation of degree n
to make any polynomial equation into a monic equation with a leading coefficient of 1. In that case,
the equation can be written as (z— a,))(z— a,) ... (z— o) =0, where o, 0, ..., 0, are the roots of
the equation. For the constant term of the equation to be real, the roots o, 0., ..., 0., must be real
or form conjugate pairs.

IMPORTANT

Every solution of a polynomial equation with real coefficients is either real or has another
root that is its complex conjugate. It follows that every real polynomial can be factored to give
linear or quadratic factors with real coefficients.
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It follows from the above that polynomial equations of odd degree with real coefficients must have
at least one real root. The fundamental theorem and its corollaries guarantee the existence of
solutions, but it doesn’t help in actually finding any solutions. This also applies to factorising real
polynomials. However, if you can use the factor theorem to find one real root of a cubic power
polynomial equation, two of a quartic or three of a quintic equation, you will be able to find the
other roots using the quadratic formula. When you are looking for real roots, they must be factors

of the constant term.

Solve 3z* =32 — 1422 =11z+3

Write the polynomial function.

Try factors of the constant.

Write the factors.

Find the product.

Write the polynomial as a product.
Use the z* and constant terms.

Solve for a and c.

Use p(1).

Solve for b.

Write the equation in factored form.

Solve.

Write the answers.

Make sure that your calculator is set on
complex (rectangular) mode. Use [meny),

3: Algebra, C: Complex and 1: Solve or type
csolve( and put in the equation and variable
for which to solve.

Specialist 12

Let p(z) = 32" - 32 — 142 — 11z -3
p(1)=-28,p(-1)=0,p(3)=0
(z+1) and (z — 3) are factors of p(2).
(z+1)(z-3)=2-2z-3

p(2) = (% = 22— 3)(az” + bz + )
Ixa=3and-3xc=-3
a=3andc=1
-28=(1-2-3)x(B3+b+1)

b=3

(z+1)(z-3)(32+3z+1)=0

—-3+49-12
6
3 1 3.

1 )
z=-1,z=3,-————iorz=——+—i
2 6 2 6

z=—-1,z=3,z=

cSo1ve[3-z4—3- z2-14-22=11 2+ 3;]

1 3
z=—+
> t-'

|

B
‘1 Ol'z-_)-

‘forz=-lorz=3

|
1/99
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ClassPad

Make sure that your calculator is set to Cplx © Edit Actlon Interactive

mode. Tap Action, Equation/Inequality and 0 be R3] s

solve(3z4-829-1422=11243, 2)

1_v3-i
{w—l.x;l!,m—z s

solve or type solve( and enter the equation and

V3i
variable that you wish to solve for. <54

1
-F"z

=]
£ O

B

Alg Stendard  Cplx Raed

Notice in Example 14 that it was not necessary to test p(—3) because p(3) =0 so z— 3 was a factor,
and so z + 3 could not be a factor as well and give the constant —3. Also, the complex roots are
indeed complex conjugates. You can factorise a cubic, quartic or quintic polynomial in a similar way
to solving polynomial equations if you can find one, two or three real factors respectively.

O Example 15

Express z° — 42" + 52° — 6z + 4 as a product of linear factors.

Solution

Write as a polynomial. Letp(z) =2" — 42" +52° — 6z + 4

Try factors of the constant term, 4. p(1)=0,p(-1)=0, p(2) =0, p(-2) =—-120

Write as a product. p(2)=(z—1)(z+1)(z—2)(az’ + bz +¢)

Multiply the linear factors. =(2-22-z+2)(a+bz+0)

Equate 2’ and Z° terms. =2 xazand4=2xc

Solve for a and c. a=1landc=2

Use p(=2). -120=(-8-8+2+2) X [4+ b x (-2)+2]

Solve for b. b=-2

Write the quadratic factor. Quadratic factor = (2% — 2z + 2)

Use the quadratic formula. _ [z 2+ \/EJ (z _2-+v4-8 ]

2 2

Simplity. =[z—=(1+1)][z—-(1-1)]

Write the answer. 2 —47'+52 —6z+4
=(z-1)(z+1)(z-2)(z—1-i)(z—1+1)

9780170250306 CHAPTER 6: Complex roots and polynomials | 273



TI-Nspire CAS

In complex (rectangular) mode, use

[mens), 3: Algebra, C: Complex and 2: A
- Factorlz5-4 7445-23-6-z+4)
Factor or type cfactor( and put in the cFa z74>27-02
expression' (2_2} [z-l:l' (2"‘1]' [z—(l—l'.j)' [Z‘(l"'l’.))
|
™
1/99
ClassPad
Make sure your calculator is set to © Edit Actlon Interactive
Cplx mode. Tap Action, e be R3] s ) :
i factor(z9-4z%452%-6z+4) o
Transformation, factor and factor or s i e Bl i i
type factor( and enter the expression. o
Press to perform the
factorisation.
[¥)
Mg Stendard  Cplx Red ]

In Example 15, since p(2) = 0, there was no need to test p(4) or p(—4).

ENERIHNER Solution of polynomial
equations with real coefficients

Concepts and techniques
1 For 22° — 22 — 2z — 8 = (z — 2)Q(2), what is the quadratic factor?

Polymomels vt rel A (Z+z+4) B (222 +z+4) C (222-2z-4)
D 222-3z+4) E 22 +3z+4)
2 For z* — 42 = 522+ 202+ 12 = (z + 2)(z — 3)Q(2), what is the quadratic factor?
A Z+3z-2 B 22—-3z-2 C Z+3z+2
D 22-10z-2 E 22 +5z-2

3 For 32° — 132* + 212 — 1922 + 12z — 4= (z— 1)(z - 1)(z - 2)Q(2), what is the
quadratic factor?
A Z2-3z+2 B 327-2-2 C 327-z+2
D 322-3z+2 E 372+2z+2
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Reasoning and communication

Your teacher will tell you when to use your CAS calculator for the rest of this exercise.
4 Solve the equation z° — 22" +z—2=0.
5 Solve the equation z° + 2> — z+ 15 =0.

Solve the equation z* — 42° + 42> + 4z — 5= 0.

Solve the equation z* — 72° + 142° + 2z — 20 = 0.

Solve the equation z° — 22* + 402> — 41z — 78 = 0.

Solve the equation z° — 82> — 102" — 9z + 90 = 0.

o N 00 N o

Express z° + 52° + 8z + 6 as a product of linear factors.
11 Express z* — 72 +222° — 32z + 16 as a product of linear factors.

12 Express z° — z* +42° + 142> — 32z — 40 as a product of linear factors.

[ SOLUTION OF COMPLEX
POLYNOMIAL EQUATIONS

A complex polynomial equation can have real solutions. Just because some or all of the coefficients
are complex does not mean that the equation cannot have real solutions as well as complex
solutions. You should also be on the look out for possible common factors, perfect squares,
difference of squares, grouping, trinomials and sums and differences when factorising polynomials
and finding solutions of polynomial equations.

O Example 16

Solve 22 + (2 — 6i)2* = (9 + 12i)z + 18

Solution

Write as a polynomial. Let p(z) = 2+(2-6)Z+(-9—-12i)z—18 (=0)

Try factors of —18. p(1) =—24-18i p(-1)=—-6+6i
p(2) =—20 — 48i p(=2)=0

There is a real factor! z+ 2 1is a factor.

Use long division. 22 —6iz =9

z+2)z3 +(2-6)2% +(-9—12i)z — 18+ 0i
2> +(2-0i)2°
—6iz” +(=9—12i)z —18+0i
—6iz” +( 0-12i)z
(—9+ 0i)z—18+0i
(—9+0i)z—18+0i
0
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Write in factored form.

The quadratic is a perfect square.
Factorise.

TI-Nspire CAS

Make sure that your calculator is set in complex
(rectangular) mode. Use [mend], 3: Algebra,

C: Complex and 1: Solve or type csolve( and
put in the equation and variable.

ClassPad

Make sure that your calculator is set to Cplx
mode. Tap Action, Equation/Inequality and
solve or type solve( and enter the equation
and variable. If the result looks complicated,
change mode from Standard to Decimal and
output the answer again. In the screen shot
opposite, the first expression for the solution
was obtained from Standard mode, the
second from Decimal mode.

p(2) = (z2+2)(Z - 6iz—9)

=(z+2)[Z—2x1x3i+(3i)]
=(z+2)(z - 3i)*

g uueue ____GN

cSolve[z3+[2-a- i) z2=(0+12 -'3-z+13.zJ M
z=3 forz=-2

© Edit Action Interactive

ﬁ]l?ﬁ-'lﬁ]lfmll_"/ T :

[

imlve(z3+(2—E!)22=t9+12112+18.z!

S LI
| z_;ass-';a—na ;3 204, 7==(388=L

2
173
| (368-72:i) 3
|ans

{z=3+i,2==2,2=3-i}
o

W) ol Ox fW

The ClassPad uses the complex formula to solve cubics, which gives an answer in surd form. By
changing to decimal, you can get approximate values that may be easier to compare.

If you can’t find a simple real root, look for simple imaginary roots to find factors of complex

polynomials.

O Example 17

Solve 6iz* + 4i* = 72> + 7z + 2i

Solution

Write as a polynomial.

Try real factors of —2i.

Try imaginary factors of —2i.

Write in factored form.

Multiply out the linear ones.

NELSON SENIOR MATHS Specialist 12

Let p(z) = 6iz" — 72° + 4iz*— 7z — 2i

p(1)=—14+8i  p(—1)=14+8i
p(2)=-70+110i p(-2)=70+ 110i

p(i) =0, p(—i) = 0, which is enough to get a
quadratic.

p(2) = (z—i)(z+i)(az’ + bz +c)
=(Z+1)(aZ + bz +¢)
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Use z* and 2° terms.

Solve for a and c.

Use p(1).

Simplify.

Solve for b.

Write p(z) with all the values.
Factorise 6iz" — 7z — 2i.

Write the trinomial in fraction form and
cancel.

It doesn’t matter which factor you multiply
by —i.

Write p(z) as fully factored.
Multiply by —i to get 3z.
Simplify.

Write the answers.

TI-Nspire CAS

Make sure your calculator is set in complex
(rectangular) mode. Use [mend], 3: Algebra,

C: Complex and 1: Solve or type csolve( and
put in the equation and variable.

ClassPad

Make sure that your calculator is set to Cplx
mode. Tap Action, Equation/Inequality and
solve or type solve( and enter the equation and
variable. Tap Action, Transformation,
Fraction and toFrac followed by ans ()] and
to convert the decimal expressions to
fractions.

6iz* = 2> x az” and —2i=1x ¢

a=6iand c=-2i

—14+8i=(1+1)(6i+bx1-2i)

2(b+4i)=-14+ 8i

b=-7

p(2) = (z—i)(z + i)(6iz" — 7z — 2i)

6ix (—2i) =12 and =3 X (—4) = 12, -3 + (—4) =—7

6id — 77— 2= (61'2—32561’2—4)

_ (2iz—-1)(3iz—2)

_ —i(2iz —ll)(3iz—2)
ix (i)

=(2z+1)(3iz—2)

= (2iz—1)(-3z + 2i)

p(2)=(z—i)(z+1) 2z+1i)(3iz—2)=0
—i(z—1i)(z+1) 2z+1)(3iz—2)=0
(z=1i)(z+1) 2z+1)(3z+2i)=0

— 1 = d o= 1. —_ 2
Z—l,Z——Z,Z——EIOI'Z——gl

4‘+4- i 22-7- z3+‘?- z+2 :‘,z]

cSolvelt 7z

i -2 i
z=forz=—-f§orz=—"-dorz=-
> 2

] -

199

© Edit Action Interactive
4] b [0 sime |5 | » :

|solve(Biz+4iz2=123+7242i, 2)
{z=—i, 7=0. 6666666667+i, z=-0, 5+i, z=i}
|toFrac (ans)

2 }
{z-l.:w g =g =i

g B O

Alg Stendard  Cplx Raed
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CAS calculators use approximate methods for higher power equations, so may give answers as
approximations. Change to fractions for obvious cases to get exact results.

GERGSIHRY Solution of complex polynomial
equations

Concepts and techniques
Your teacher will tell you how to use your CAS calculator in this exercise.

Real and imaginary

faciors 1 The real factors of iz* + 3iz° — 32 + (—3 — 4i)z + 6 are:
A (z—1)and (z+2) B (z+1)and (z—2) C (z+1),(z—2)and (z—3)

D (z+1),(z+2)and (z+3) E (z—1),(z—2)and (z—3)

2 The imaginary factors of 2z* + iz’ — 2% — iz —1 are:
A (z+1i) B (z—i) C (z+1i)and (2z—1)
D (z+1), (z—1i) and (z + 2i) E (z—1i), (z+1i) and (z— 2i)

Reasoning and communication

3 Solve 2 —2iz* + (-3 — 2i)z+2 +4i=0

4 Solve z’ + (=3 +3i)2" + (—4 - 3i)z+ 12— 18i =0

5 Solve 2’ + (—2—3i)z" + (1 +4i)z— 6 —3i=0

Solve 2° + (3 + 5i)2% + (—8 + 9i)z— 6 —4i =0

Solve z* + (=5 — 2i)2° + 4iz* + (20 + 10i)z —16 — 12i =0

Solve 10z* + 13iz° — 372> — 52iz— 12 =0

VO 0O N o

Solve 12z* — 41iz° + 42> — 69iz— 36 =0
10 Solve z* + (=1 — 4i)2* + (=1 + 4i)2% + (=11 —42i)z— 72+ 30i =0

278 | NELSON SENIOR MATHS Specialist 12 9780170250306



COMPLEX ROOTS AND POLYNOMIALS

B The nth roots of unity are complex numbers
z such that 2" = 1. They lie on the unit circle

)

The principal values of the roots of unity are
given by

Cos (

on—1,

kn) . (Zkrc
— |+isin| —
n n
where k=0,1,2,...,n—1.

and have the form cos ( 2

—j, where k=0, 1, 2,

2kn) . (an
— [+ 1S1n
n

n

with principal values

(an) .. (anj 2kn
cos +1isin , where t <— <.

n n n
The polar form of a complex number is also

known as the trigonometric form.

The nth roots of a complex number z are on
a circle of radius /| z|, separated from each

2
other by the angle T and have the form
n

M[cos(w]ﬂ'sin(
n

where k=0,1,2,...,n—1.

arg(z)+2km

n H’ |
A polynomial is a sum of terms containing
non-negative integer powers of the variable.
A polynomial in z is of the form P(z) = a,z"
+ta, 2" va, 2"+ .. +a +ay
where 7 is a positive whole number, a,, a,,
a,; ..., 4, _ 1> 4, are complex numbers and
a,#0.

The highest power of the variable in a
complex polynomial is called the degree of

9780170250306
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the polynomial. The term that contains the
highest power is called the leading term.

Complex polynomials may be added,
subtracted, multiplied and divided. Division
can be set out as long division with
allowance for real and complex parts in the
coefficients.

The division identity states that if a complex
polynomial P(z) is divided by the complex
polynomial D(z), then the remainder R(z)
has degree less than D(z) and the quotient
Q(z); divisor, remainder and dividend are
related by P(z) = D(2)Q(z) + R(z).

The remainder theorem states that if a
complex polynomial P(z) is divided by
D(z) = z— a, where a € C, then the
remainder is given by R = P(a).

The factor theorem states that z — a, where a
€ C, is a factor of the complex polynomial
P(z) if and only if P(a) = 0.

Every solution of a polynomial equation with
real coefficients is either real or has another
root that is its conjugate complex. It follows
that every real polynomial can be factored to
give linear or quadratic factors with real
coefficients.

Cubic, quartic or quintic complex
polynomial equations are solvable using
quadratic methods for the remaining roots if
one, two or three roots respectively can be
found.
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CHAPTER REVIEW

Multiple choice

1 Which of the following are 6th roots of 12
I -1 I 1(V2+iV2) I 4(1-i3) v 1(v3-i)
A Tonly B IandII only C IandIII only
D Iand IV only E All exceptII
2 Which of the following are 4th roots of —1?
| i I 1(V2+iV2) I (—2-iv2) IV —i
A Tonly B II and III only C IandIII only
D Iand IV only E AllofIto IV
3 The function p(z) = —2iz> + (5 — 2i)z* — 3z* — 7i. Which of the following is true?

A p(2) is of degree 4 and has leading term —2iz.

B p(2) is of degree 4 and has leading term —7i.

C p(z) is of degree 3 and has leading term —2iz’.

D p(z2) is of degree 4 and has leading term —3z",

E p(z) is of degree 2 and has leading term (5 — 2i)z".

4 The function p(z) = Z* = 2i2° + (2 +i)2* + 6 + i. Which of the following is true?
A p(1)=7+i B p(-1)=9—-4i C p(-i)=7
D p(i)=3i E p(2i)=2+3i

5 Consider the functions p(z) = (2 — i)z’ + (5+ 3i)z* + (3 + 4i)z — 5 + 3i and

q(z)=(—2+ i)z’ + 5iz° — 2z + 1. Which of the following is true?
A p(z) + q(z) has degree 2 and p(z)q(z) has degree 6

B p(z) — q(z) has degree 3 and p(z)q(z) has degree 3

C p(z) + q(z) has degree 6 and p(z)q(z) has degree 6

D p(z) + q(z) has degree 3 and p(z) — q(2) has degree 3

E p(z) + q(z) has degree 2 and p(z) — q(z) has degree 2

6 Consider the function p(z) = Z* = 2i2° + (2 + i)2* + 6 + i. The remainder when p(z) is
divided by z—1 + i is:
A 4+9i B —4-9i Ci
D 8-7i E —4+i
7 Forz* — 22— 72+ 10z— 8 = (z— 1)(z + 2)Q(z), what is the quadratic factor?
A Z-3z+4 B Z+3z-4 C Z-5z+4
D Z2-4z-4 E Z2+4z+5
8 For3z2 -7z '+ 2 + 322 —4z+4=(z+ 1)(z- 1)(z - 2)Q(2), what is the quadratic
factor?
A3Z7-z-2 B 322-2z+3 C 32-2z+2
D 327 +2z+3 E 327 —2z+2
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9 The real factors of 6iz* + (-1 — 61)2° + (1 — 10i)z* + (2 — 2i)z — 4i are:
A (z—1)and (z+2) B (z+1)and (z—2) C (z+1),(z—2)and (z—3)
D (z+1),(z+2)and (z+ 3) E (z—1),(z—2)and (z—3)
10 The imaginary factors of 62" + (-1 + 6i)2° + (34 — i)2* + (—6 — 2i)z — 12 are:
A (z+2i) and (z — 3i) B (z—2i) only C (z+2i)only
D (z+1i),(z—2i)and (z+3i) E (z—2i)and (z+ 3i)
Short answer
11 a Find the cube roots of —216.
b Show the roots on the complex plane.
12 a Solve the equation 2+ # = #i.
b Show the solutions on the complex plane.
13 Find the values of g(z) = i2—274+3z+i—5atz=1,z=—2iand z=2 +1.
14 For p(z) = (5 — 2i)z* — 3iz’ + (2 + 3i)2* + 2z + 4i, find p(2), p(i) and p(=3 + i).
15 For p(z) = (1 — 2i)2° + 3iz" — 4z + 2i, q(2) =—3iZ + (4 +i)z+3and d(z) =z — 1 +4,
find and simplity the following.
a p(z)+4q(2) b p(z)q(2) c p(z) +d(z)
16 For p(z) = (-4 - 3i)2° + 52 — 4iz — 8, find the remainders when p(z) is divided by
a z+1 b z—3i c z—2—i
17 Show that z+ 1 — 2i is a factor of 2° + (3 — 5i)z° + (—4 — 13i)z — 12 — 6i.
Application
18 Show that no complex numbers have real roots.
19 Show that 2% + 2z + 3 is a factor of 22* + (-2 — 31)2° + (=7 — 3i)2* + (—20 — 3i)z — 3 + 9i.
20 Solve 2’ =27*+9.
21 Solve z* + (9 — 12i)z+ 18 = (1 — 6i)2° + (11 + 6i)2>.
22 Solve 6z* +302° + 5iz° + 20iz + 24 = 0. Pracice quiz
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